Further results on logarithmic terraces  by Anderson, Ian & Ellison, Leigh H.M.
Discrete Mathematics 308 (2008) 684–695
www.elsevier.com/locate/disc
Further results on logarithmic terraces
Ian Anderson∗, Leigh H.M. Ellison
Department of Mathematics, University of Glasgow, University Gardens, Glasgow G12 8QW, UK
Received 26 September 2006; accepted 11 July 2007
Available online 22 August 2007
Abstract
Let p be an odd prime, and let x be a primitive root of p. Suppose that we write the elements of Zp−1 as 1, 2, . . . , p − 1, and that,
wherever we evaluate xl (mod p), we always write it as one of 1, 2, . . . , p−1. Let = (l1, . . . , lp−1) be a terrace for Zp−1. Then 
is said to be a logarithmic terrace if e= (e1, . . . , ep−1), deﬁned by ei ≡ xli (mod p), is also a terrace for Zp−1.We study properties
of logarithmic terraces, in particular investigating terraces which are simultaneously logarithmic for two different primitive roots.
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1. Introduction
Let G be a ﬁnite group of order n with identity element e, let the group operation be multiplication, let a =
(a1, a2, . . . , an) be an arrangement of the elements of G, and let b= (b1, b2, . . . , bn−1) be the ordered sequence where
bi = a−1i ai+1 for i = 1, 2, . . . , n − 1. Then a is a terrace [2, p. 325] for G, and b the corresponding 2-sequencing, if b
and b−1, when looked at together, contain each element x of G\{e} exactly twice.
If G is Zn, with addition as the group operation, then x−1 in the above becomes −x, and the elements of the
2-sequencing are bi = ai+1 − ai (i = 1, 2, . . . , n − 1).
For any odd prime p we now say that a terrace  = (l1, l2, . . . , lp−1) for Zp−1, when written with 1 lip − 1
for all i = 1, 2, . . . , p − 1, is logarithmic or x-logarithmic if, for some primitive root x of p, the ordered sequence
e = (xl1 , xl2 , . . . , xlp−1) becomes a further terrace for Zp−1 when its entries xli are evaluated modulo p (not modulo
p − 1) so as to satisfy 1xli p − 1 for all i = 1, 2, . . . , p − 1. We call the terrace e the exponent terrace of .
The following theorems appear in [1, Theorems 1.3 and 1.1, respectively].
Theorem 1.1. If e = (e1, e2, . . . , ep−1) is an exponent terrace for Zp−1 where p is any odd prime, then so is −e =
(p − e1, p − e2, . . . , p − ep−1).
Deﬁnition. The terrace −e is called the p-complement of e.
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Theorem 1.2. If, for a given prime p with distinct primitive roots x and y, there exists an x-logarithmic terrace for
Zp−1, then its exponent terrace is also the exponent terrace for a y-logarithmic terrace for Zp−1. Thus, each exponent
terrace gives an x-logarithmic terrace for each primitive root x of p, and so the number of x-logarithmic terraces is
independent of the choice of x. Further, if we have an x-logarithmic terrace, a, and we know that x ≡ yd (mod p) for
some integer d, then c deﬁned by ci ≡ dai (mod p − 1), is a y-logarithmic terrace.
It is also clearly the case that the reverse of a logarithmic terrace is a logarithmic terrace.
Notation:Where terraces and 2-sequencings are printed as displays, we follow previous practice by omitting brackets
and commas. The reverse of a terrace a will be denoted by arev.
2. Some general results
Theorem 2.1. If we add 2n to the odd or to the even elements of a terrace in Z4n, the resulting arrangement is another
terrace.
Proof. The 2n is always even. So the change made to the odd or even elements will not alter their odd or even
status. Adding 2n to all odd or even elements of a terrace only impacts the odd differences in the 2-sequencing.
Any odd difference x becomes x + 2n and so each still occurs twice and the structure of a terrace is
maintained. 
Example 2.1. An example of a terrace in Z12 is given by
4 3 9 6 1 2 11 7 5 10 8 12.
Adding 6 to all odd elements gives
4 9 3 6 7 2 5 1 11 10 8 12,
while adding 6 to all even elements gives
10 3 9 12 1 8 11 7 5 4 2 6.
It can be seen that both of these are also terraces.
Theorem 2.2. The difference between the ﬁrst and last element of any terrace for Zp−1 is even when p ≡ 1 (mod 4),
and odd when p ≡ 3 (mod 4).
Proof. By the deﬁnition of a terrace, the 2-sequencing contains exactly one occurrence of x = p−12 , and two entries,
identical or distinct, from {x,−x} when x /≡ −x (mod p − 1).
So when x /≡ −x (mod p − 1), if we have x and −x appearing once each in the 2-sequencing, then they cancel out
with respect to the overall difference between the ﬁrst and last elements. If x or −x appear twice, then they contribute
2x or −2x, respectively to the difference between the ﬁrst and last elements.
So it is the value of p−12 which decides whether this difference is odd or even. When p ≡ 1 (mod 4), p−12 is even.
When p ≡ 3 (mod 4), p−12 is odd. 
Theorem 2.3. For primes p ≡ 1 (mod 4), the difference between the ﬁrst and last element in a logarithmic terrace
cannot be p−12 .
Proof. Assume that a y-logarithmic terrace, a, existswhere y is a primitive root of p, with ap−1 ≡ a1+ p−12 (mod p−1).
Also let (yai ) be the corresponding exponent terrace. Then
yap−1 ≡ ya1 .y p−12 ≡ −ya1 (mod p).
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Let w be the “reduced” value of ya1 which lies in [1, p − 1] when it is evaluated modulo p. Thus,
yap−1 − ya1 = p − w − w
= p − 2w
≡ 1 − 2w (mod p − 1).
This is an odd number contradicting Theorem 2.2. 
Such terraces do exist when p ≡ 3 (mod 4) however.
Example 2.2. A 2-logarithmic terrace for p = 11 with a difference of p−12 = 5 between the ﬁrst and last elements is
given by
1 2 4 3 8 5 9 7 10 6.
3. Some examples
In this section, we will look at some examples of logarithmic terraces for primes p29. The enumerations reported
in this and the following section were computer generated, as were most of the examples of terraces for p17.
Example 3.1. A 3-logarithmic terrace for p = 7 is given by
2 3 6 4 5 1,
which has exponent terrace
2 6 1 4 5 3.
Note: There are 14 exponent terraces when p=7 (and so 14 logarithmic terraces for each primitive root by Theorem
1.2). The total number of terraces for Z6 is 132.
Example 3.2. A 2-logarithmic terrace for p = 11 is given by
2 4 8 5 6 1 3 9 10 7,
which has exponent terrace
4 5 3 10 9 2 8 6 1 7.
Note: There are 1184 exponent terraces when p = 11, out of a total of 60, 680 terraces for Z10.
Example 3.3. A 2-logarithmic terrace for p = 13 is given by
2 4 8 11 9 10 5 12 1 7 3 6,
which has exponent terrace
4 3 9 7 5 10 6 1 2 11 8 12.
Note: There are 6284 exponent terraces when p = 13, out of a total of 1, 954, 656 terraces for Z12.
Example 3.4. A 3-logarithmic terrace for p = 17 is given by
3 9 10 13 5 7 4 14 2 11 6 8 1 12 16 15,
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which has exponent terrace
10 14 8 12 5 11 13 2 9 7 15 16 3 4 1 6.
Example 3.5. A 2-logarithmic terrace for p = 19 is given by
2 4 8 16 13 7 14 3 5 18 17 9 10 1 6 12 15 11,
which has exponent terrace
4 16 9 5 3 14 6 8 13 1 10 18 17 2 7 11 12 15.
Example 3.6. A 5-logarithmic terrace for p = 23 is given by
9 22 3 2 10 16 6 4 5 20 14 17 12 21 13 15 11 7 19 8 1 18,
which has exponent terrace
11 1 10 2 9 3 8 4 20 12 13 15 18 14 21 19 22 17 7 16 5 6.
Example 3.7. A 2-logarithmic terrace for p = 29 is given by
2 4 8 16 3 6 12 24 19 22 1 21 7 26 15 11 27 25 10 5 23 17 18 28 9 20 13 14,
which has exponent terrace
4 16 24 25 8 6 7 20 26 5 2 17 12 22 27 18 15 11 9 3 10 21 13 1 19 23 14 28.
In general, x-logarithmic terraces for ﬁxed p can be grouped into sets of four. These are
c, crev, c + p − 12 , crev +
p − 1
2
.
In cases where crev ≡ c + p−12 (mod p − 1), we get a set of only 2.
Thinking of this in terms of exponent terraces, our sets consist of
e, erev,−e,−erev,
where −e is the p-complement of e as deﬁned previously. Here, our sets of 2 arise when erev ≡ −e (mod p).
As mentioned above, in the case where p = 7, there are 14 exponent terraces. Since 14 is not a multiple of 4, there
must be an odd number of sets of size 2. It turns out that there is essentially just one exponent terrace for p = 7 for
which −e ≡ erev (mod p). This is
e = 3 1 2 5 6 4,
or of course its p-complement, and it provides the only set of exponent terraces of size 2. Such terraces exist in the case
of other primitive roots also. As stated previously, when p = 11, there are 1184 exponent terraces. This is a multiple of
4, which tells us that if there are any sets of 2, there must be an even number of them. In this case, there are actually 4
sets of 2, given by
1 9 6 7 3 8 4 5 2 10,
2 4 5 1 8 3 10 6 7 9,
2 10 4 5 8 3 6 7 1 9,
5 1 4 2 3 8 9 7 10 6.
The 6284 exponent terraces for p = 13 were also checked, and it was found that in this case there were no examples
where erev = −e (mod p). Having found this to be the case, it was natural to wonder if there was an explanation.
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Theorem 3.1. The p-complement of an exponent terrace for Zp−1 can be equal to the reverse of that same exponent
terrace only when p ≡ 3 (mod 4). In this case, ap−1
2
= p+14 or 3p−14 .
Proof. Assume that such an exponent terrace exists for a prime p, and call it a. In the 2-sequencing for our exponent
terrace, the difference p−12 must appear once (by the deﬁnition of a terrace), and a must also satisfy the condition that
arev =−a (mod p). In order to do so, p−12 must be the middle difference in the 2-sequencing, and so it is the difference
between ap−1
2
and p − ap−1
2
. So we have,
p − 2ap−1
2
≡ p − 1
2
(mod p − 1),
i.e. 2p − 4ap−1
2
≡ p − 1 (mod 2p − 2),
i.e. p ≡ 4ap−1
2
− 1 (mod 2p − 2),
i.e. p ≡ 3 (mod 4),
and
4ap−1
2
= p + 1 or p + 1 + 2p − 2 = 3p − 1. 
4. Terraces which are simultaneously logarithmic for two different primitive roots
It follows from Theorem 1.2 that if x and y are two different primitive roots of p then from an x-logarithmic terrace
we can obtain a different y-logarithmic terrace. However, it is possible to ﬁnd terraces with respect to a given prime p,
which are logarithmic for two primitive roots simultaneously. There are no examples for p = 7.
Example 4.1. A 2-logarithmic and 6-logarithmic terrace for p = 11 is given by
1 2 6 8 5 10 7 9 3 4.
Taking it to be 2-logarithmic gives the exponent terrace
2 4 9 3 10 1 7 6 8 5,
while taking it to be 6-logarithmic gives the exponent terrace
6 3 5 4 10 1 8 2 7 9.
The 2 and 6 are inverses modulo 11, as are 7 and 8. For p=11 there are 32 terraces which are both 2-logarithmic and
6-logarithmic, and the same number which are both 7-logarithmic and 8-logarithmic. In cases where the two primitive
roots are not inverses modulo 11, there are 20 terraces which are logarithmic with respect to both numbers, e.g., there
are 20 terraces which are both 2-logarithmic and 7-logarithmic with respect to p = 11.
If we now considerp=13, there are 54 terraces which are both 2-logarithmic and 7-logarithmic, and the same number
which are both 6-logarithmic and 11-logarithmic. In cases where the two primitive roots are not inverses modulo 13,
there are none which are logarithmic with respect to both.
Example 4.2. A 2-logarithmic and 7-logarithmic terrace for p = 13 is given by
10 3 11 8 2 7 9 12 1 5 4 6.
Taking it to be 2-logarithmic gives the exponent terrace
10 8 7 9 4 11 5 1 2 6 3 12,
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while taking it to be 7-logarithmic gives the exponent terrace
4 5 2 3 10 6 8 1 7 11 9 12.
Example 4.3. A 3-logarithmic and 11-logarithmic terrace for p = 17 is given by
1 2 5 3 13 4 9 14 10 8 11 12 16 6 15 7.
Note: If we have a logarithmic terrace a for a given prime p, thenwewill refer tomin{|a1−ap−1|,p−1−|a1−ap−1|}
as the end difference. It turns out that, if p13, then all terraces in Zp−1 which are simultaneously logarithmic for a
given pair of primitive roots have the same end difference.
In the case of p = 7, there are no logarithmic terraces which are simultaneously logarithmic with respect to two
primitive roots. In the case of p = 11, the end difference in a terrace which is simultaneously logarithmic with respect
to {2, 6} is 3, with respect to {2, 7}, {6, 7}, {6, 8} or {2, 8} is 5, and with respect to {7, 8} is 1.
In the case of p = 13, the end difference in a terrace which is simultaneously logarithmic with respect to both
{2, 7} or {6, 11} is 4. For p = 13, there are no terraces which are simultaneously logarithmic with respect to a pair of
non-inverses.
In the case of p=17, however, it is possible to ﬁnd terraces which are logarithmic with respect to the same two ﬁxed
primitive roots, but where the end differences are not the same.
Example 4.4. The following are examples of terraces for p = 17 which are simultaneously logarithmic for both 3 and
7, but where the end differences are different:
1 2 11 7 14 16 12 9 15 10 4 9 6 8 13 5,
8 13 11 15 9 12 5 2 7 16 1 3 4 10 6 14.
By Theorem 1.1, the p-complement of an exponent terrace is also an exponent terrace. The idea of complement
terraces also comes into play when dealing with terraces which are simultaneously logarithmic for two primitive roots.
If a is an exponent terrace, the p-complement is found by replacing ai by p−ai . In the theorem which follows, we will
make use of what we will call the (p − 1)-complement. Here, a is a logarithmic terrace and the (p − 1)-complement
will be found by replacing ai by p − 1 − ai (except when ai = p − 1, in which case ai is left unchanged).
In general, the (p − 1)-complement of an x-logarithmic terrace is not also x-logarithmic. For example, the 3-
logarithmic terrace of Example 3.1 has (p − 1)-complement
4 3 6 2 1 5,
which is not 3-logarithmic. Neither is the p-complement
5 4 1 3 2 6.
Theorem 4.1. Let x and y be primitive roots of a ﬁxed prime p, where xy ≡ 1 (mod p). An x-logarithmic terrace, a, is
also a y-logarithmic terrace if and only if its (p − 1)-complement, b, is also an x-logarithmic terrace. The ith elements
in the exponent terraces of each satisfy cidi ≡ 1 (mod p), where c is the exponent terrace which corresponds to a and
d is that which corresponds to b. d is also the exponent terrace of a for the primitive root y.
Example 4.5. The following is such an example for p = 11, x = 7, y = 8:
a 2 4 7 1 8 6 5 10 9 3,
b 8 6 3 9 2 4 5 10 1 7,
c 5 3 6 7 9 4 10 1 8 2,
d 9 4 2 8 5 3 10 1 7 6.
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Proof. Let x and y be primitive roots such that y ≡ x−1 (mod p). Then
yai ≡ x−ai ≡ xp−1−ai (mod p).
So, the (p − 1)-complement of a is x-logarithmic ⇔ a is y-logarithmic.
So if a is x-logarithmic and y-logarithmic then the (p − 1)-complement of a is also logarithmic with respect to both
x and y.
Further, if ci ≡ xai and di ≡ xp−1−ai , then
cidi ≡ xai xp−1−ai ≡ xp−1 ≡ 1 (mod p). 
Recall that if a is an x-logarithmic terrace for Zp−1, then so is a + p−12 . Thus, the following result is immediate.
Theorem 4.2. Let x and y be primitive roots of a ﬁxed prime p such that xy ≡ 1 (mod p). If a is a logarithmic terrace
with respect to both x and y, then so is a + p−12 (mod p − 1).
Theorem 4.1 also allows us to think about terraces which are simultaneously logarithmic for two primitive roots in
a slightly different way. For example, the terraces for p = 11 which are simultaneously logarithmic for both 2 and 8
can also be thought of as the (p − 1)-complements of 6-logarithmic terraces which are also 8-logarithmic or as the
(p − 1)-complements of 7-logarithmic terraces which are also 2-logarithmic.
Note: If x, y are not inverses of one another, then the (p − 1)-complement of a terrace that is both x-logarithmic and
y-logarithmic need not be x-logarithmic and y-logarithmic.
Example 4.6. An example of a 2-logarithmic and 7-logarithmic terrace for p = 11 is given by
4 2 5 6 1 7 8 10 3 9.
Its (p − 1)-complement
6 8 5 4 9 3 2 10 7 1
is neither. Indeed for p = 11 there is no such example for any pair of x, y which are not inverses.
Theorem 4.3. If a is an x-logarithmic terrace for p, where p ≡ 1 (mod 4), then the terrace, c, formed by adding p−12
to all odd or all even elements in a is (p − x)-logarithmic.
Proof. From Theorem 2.1, we know that c is a terrace. Now we want to show that it is (p − x)-logarithmic in both
cases. It should be remembered that when p ≡ 1 (mod 4), the negative of a primitive root is also a primitive root.
We ﬁrst show that adding p−12 to all of the odd elements of a gives a (p − x)-logarithmic terrace since the resulting
exponent terrace for c is the same as that for a.
If we ﬁrst consider the even elements from a, then
x2i ≡ (−(p − x))2i ≡ (p − x)2i (mod p).
If we now consider the odd elements from a (with p−12 added), we see that
x2i+1 ≡ (−(p − x))2i+1 ≡ −(p − x)2i+1
≡ (p − x)p−12 .(p − x)2i+1
≡ (p − x)2i+1+ p−12 (mod p).
We next show that adding p−12 to all of the even elements of a gives a (p − x)-logarithmic terrace since the resulting
exponent terrace for c is the p-complement of that for a.
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If we ﬁrst consider the even elements from a (with p−12 added), then
(p − x)2i+ p−12 ≡ − (p − x)2i
≡ − x2i (mod p).
If we now consider the odd elements from a, we see that
(p − x)2i+1 ≡ −x2i+1 (mod p). 
Example 4.7. An example of a 2-logarithmic terrace for p = 13 is given by
1 3 6 7 2 12 8 11 10 4 9 5.
Adding 6 to all odd elements gives
7 9 6 1 2 12 8 5 10 4 3 11,
which it can be seen is 11-logarithmic. Adding 6 to all even elements gives
1 3 12 7 8 6 2 11 4 10 9 5,
which is also 11-logarithmic.
We now consider p-complements, and look for a result analogous to Theorem 4.1. Suppose that a is an x-logarithmic
terrace in Zp−1. Then its exponent terrace is
xa1 . . . xap−1 ,
and its p-complement is given by
p − a1 . . . p − ap−1.
Now consider
xp−a1 . . . xp−ap−1 ,
i.e. x1−a1 . . . x1−ap−1 since xp−1 ≡ 1 (mod p),
i.e. ya1−1 . . . yap−1−1 where xy ≡ 1 (mod p).
We have therefore proved the following.
Theorem 4.4. Let x and y be primitive roots of a ﬁxed prime p such that xy ≡ 1 (mod p). The p-complement of an
x-logarithmic terrace, a, is also x-logarithmic if and only if (a − 1) is y-logarithmic.
Example 4.8. The following is 2-logarithmic for p = 13.
a = 11 10 4 9 5 2 12 8 1 3 6 7.
Its exponent terrace is given by
7 10 3 5 6 4 1 9 2 8 12 11.
It can also be seen that
a − 1 = 10 9 3 8 4 1 11 7 12 2 5 6
is 7-logarithmic with exponent terrace
4 8 5 3 9 7 2 6 1 10 11 12.
So the p-complement of a is also 2-logarithmic.
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It can be seen that the product of corresponding terms in the exponent terraces are all 2 (modulo 13). This is due to
the fact that xa1ya1−1 = xa1xp−a1 = xp ≡ x (mod p).
Notes: 1. In general, if a is a logarithmic terrace, a − 1 is not.
2. Theorems 4.3 and 4.4 also help us to see that when p ≡ 1 (mod 4), there is a one-to-one correspondence
between x-logarithmic terraces whose p-complements are also x-logarithmic, and (p − x)-logarithmic terraces whose
p-complements are also (p−x)-logarithmic. For example when p=13, there are 64 terraces which are 11-logarithmic
and whose p-complements are also 11-logarithmic, and the same number which are 2-logarithmic and whose p-
complements are also 2-logarithmic.
Consider Example 4.8 above which is 2-logarithmic, as is its p-complement. As we have seen, by Theorem 4.4,
a − 1 = 10 9 3 8 4 1 11 7 12 2 5 6
is 7-logarithmic. From a we obtain, by use of Theorem 4.3, the 11-logarithmic terrace
c = 5 10 4 3 11 2 12 8 7 9 6 1,
and similarly from a − 1 we obtain the 6-logarithmic terrace
4 9 3 2 10 1 11 7 6 8 5 12.
Since this is c − 1, it follows from Theorem 4.4 that the p-complement of c is 11-logarithmic. This illustrates the
one-to-one correspondence described above.
In Example 4.7 above, the 2-logarithmic terrace given has a p-complement which is another 2-logarithmic terrace,
12 10 7 6 11 1 5 2 3 9 4 8.
Adding p−12 to the odd or even elements of this terrace also gives two 11-logarithmic terraces.
Note: It can be seen that adding p−12 (mod p − 1) to all odd elements of a terrace and then taking the p-complement
is the same as ﬁrst taking the p-complement and then adding p−12 (mod p − 1) to all even elements. Looking back at
the original terrace given in Example 2.1 it can be seen that both of these options give
9 4 10 7 6 11 8 12 2 3 5 1.
Theorem 4.5. Let x, y, u and v be primitive roots of a ﬁxed prime p. If xy ≡ 1 (mod p) and uv ≡ 1 (mod p), then
the number of terraces which are both x-logarithmic and y-logarithmic is the same as the number which are both
u-logarithmic and v-logarithmic. The x-logarithmic and y-logarithmic terraces give rise to the same set of exponent
terraces as the u-logarithmic and v-logarithmic terraces.
Proof. Assume we have a terrace a which is both x-logarithmic and y-logarithmic. Since u and v are primitive roots
of p, x and y can be expressed as powers of both (modulo p). So we have
x ≡ um (mod p) and x ≡ vn (mod p).
Since xy ≡ 1 (mod p) and uv ≡ 1 (mod p), we can see that
y ≡ x−1 ≡ u−m ≡ vm (mod p),
as well as
y ≡ x−1 ≡ v−n ≡ un (mod p).
So it can be seen that m ≡ −n (mod p − 1).
The above shows that multiplying a by m will give us a terrace which is both u-logarithmic and v-logarithmic, as
will multiplying by n. Since m ≡ −n (mod p − 1), and since we already know that the (p − 1)-complement of a
terrace which is x-logarithmic and y-logarithmic is also x-logarithmic and y-logarithmic, this conﬁrms that a terrace
which is logarithmic with respect to x and y can be multiplied by an integer to give us a terrace which (along with its
(p − 1)-complement) is logarithmic with respect to u and v.
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This one-to-one correspondence between terraces which are simultaneously logarithmic for two primitive roots
which are inverses modulo p, in combination with Theorem 1.2, tells us that the exponent terraces for any two such
simultaneously logarithmic terraces will be the same. 
Deﬁnition. Let S denote the set of unordered pairs of primitive roots of p. Let {u, v} ∼ {x, y} if and only if there
exists an , with g.c.d.(, p − 1) = 1, such that u ≡ x (mod p − 1), v ≡ y (mod p − 1) or u ≡ y (mod p − 1),
v ≡ x (mod p − 1).
Lemma 4.1. ∼ is an equivalence relation.
Proof. (i) {u, v} ∼ {u, v} (take  = 1).
(ii) Suppose {u, v} ∼ {x, y}. First suppose there exists an , with g.c.d.(, p−1)=1 such that u ≡ x (mod p−1),
v ≡ y (mod p − 1).
Deﬁne  by  ≡ 1 (mod p − 1). Then u ≡ x (mod p − 1), v ≡ y (mod p − 1) so that {x, y} ∼ {u, v}. If we have
u ≡ y (mod p − 1), v ≡ x (mod p − 1) then u ≡ y (mod p − 1), v ≡ x (mod p − 1) so {x, y} ∼ {u, v}.
(iii) Suppose {u, v} ∼ {x, y} and {x, y} ∼ {w, z} and that there exists ,  such that u ≡ x (mod p − 1),
v ≡ y (mod p − 1), x ≡ w (mod p − 1), y ≡ z (mod p − 1).
Then, u ≡ w (mod p − 1), v ≡ z (mod p − 1) where g.c.d.(, p − 1) = 1. So {u, v} ∼ {w, z}.
Next we will suppose that u ≡ x (mod p − 1), v ≡ y (mod p − 1), x ≡ z (mod p − 1), y ≡ w (mod p − 1).
Then u ≡ z (mod p − 1), v ≡ w (mod p − 1) and so {u, v} ∼ {w, z}.
Suppose u ≡ y (mod p − 1), v ≡ x (mod p − 1), x ≡ w (mod p − 1), y ≡ z (mod p − 1). Then u ≡
z (mod p − 1), v ≡ w (mod p − 1) and so {u, v} ∼ {w, z}. 
Example 4.9. For p = 11, the primitive roots are 2, 6, 7, 8. The equivalence classes are:
(i) {{2, 6}, {7, 8}} and
(ii) {{2, 7}, {2, 8}, {6, 7}, {6, 8}}.
Note: As shown in the proof of Theorem 4.5, inverse pairs of primitive roots form one of the equivalence classes.
Theorem 4.6. Let x, y, u, v be primitive roots of p. If {x, y} ∼ {u, v} then for each terrace which is logarithmic for
both x and y, there is a multiple of this terrace which is a logarithmic terrace for both u and v.
Proof. If x = ur , y = vr and (a1, a2, . . . , ap−1) is logarithmic for both x and y, then (ra1, ra2, . . . , rap−1) is a
logarithmic terrace for both u and v. 
Corollary 4.7. For each equivalent pair of primitive roots, there are the same number of terraces which are simulta-
neously logarithmic.
The above tells us that if we have a terrace corresponding to one pair from each equivalence class, then we can ﬁnd
a terrace which is simultaneously logarithmic for any equivalent pairs of primitive roots.
In the case of p = 11, there are two equivalence classes (as seen in Example 4.9 above). Example 4.1 in association
with the following terrace which is logarithmic with respect to both 2 and 7, show that we can ﬁnd a terrace which is
simultaneously logarithmic with respect to any pair of primitive roots for p = 11.
Example 4.10. A 2-logarithmic and 7-logarithmic terrace for p = 11 is given by
4 2 5 6 1 7 8 10 3 9.
Since 2 ≡ 87 and 7 ≡ 27 (mod 11), multiplying by 7 (mod 10) gives the terrace
8 4 5 2 7 9 6 10 1 3,
which is both 2-logarithmic and 8-logarithmic.
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In the case of p = 13, there are three equivalence classes. These are given by
(i) {{2, 7}, {6, 11}},
(ii) {{2, 6}, {7, 11}}, and
(iii) {{2, 11}, {6, 7}}.
Example 4.2 is one example of a terrace which is logarithmic with respect to a pair of primitive roots which occurs
in the equivalence class that contains the inverse pairs (see (i) above). There are no such simultaneously logarithmic
terraces for non-inverse pairs when p = 13.
In the case of p=17, there are ﬁve equivalence classes which are as follows, with the ﬁrst class consisting of inverse
pairs:
(i) {{3, 6}, {5, 7}, {10, 12}, {11, 14}},
(ii) {{3, 5}, {3, 12}, {5, 14}, {6, 7}, {6, 10}, {7, 11}, {10, 11}, {12, 14}},
(iii) {{3, 7}, {3, 10}, {5, 6}, {5, 11}, {6, 12}, {7, 14}, {10, 14}, {11, 12}},
(iv) {{3, 11}, {5, 10}, {6, 14}, {7, 12}}, and
(v) {{3, 14}, {5, 12}, {6, 11}, {7, 10}}.
Example 4.3 in conjunction with the following four examples shows that for each of these pairs a terrace which is
simultaneously logarithmic does exist.
Example 4.11. A 3-logarithmic and 12-logarithmic terrace for p = 17 is given by
3 1 5 14 10 4 13 8 2 16 11 12 15 7 6 9.
Example 4.12. A 3-logarithmic and 7-logarithmic terrace for p = 17 is given by
1 2 11 7 14 16 12 9 15 10 4 3 6 8 13 5.
Example 4.13. A 3-logarithmic and 14-logarithmic terrace for p = 17 is given by
1 2 11 3 8 10 13 6 9 5 15 16 4 14 12 7.
Example 4.14. A 3-logarithmic and 6-logarithmic terrace for p = 17 is given by
4 2 5 12 11 16 15 8 14 3 1 9 13 7 10 6.
Note that the classes (i), (iv), and (v) are half of the size of classes (ii) and (iii). We now explain this phenomenon.
In (i), {5, 7} ∼ {3, 6} since 5 ≡ 35 and 7 ≡ 65, but also because 5 ≡ 611 and 7 ≡ 311.A terrace that is simultaneously
5-logarithmic and 7-logarithmic can be converted into a terrace that is simultaneously 3-logarithmic and 6-logarithmic
by multiplying by either 5 or 11. Such a situation can occur only when there are primitive roots x, y, u, v and integers
,  such that u ≡ x, v ≡ y, u ≡ y, v ≡ x, i.e. where x ≡ yc and y ≡ xc (where c ≡  (mod p − 1) ). But in
such cases y ≡ xc ≡ yc2 (mod p), so that c2 ≡ 1 (mod p − 1).
The following theorem can be found in [3, Theorem 5.2].
Theorem 4.8. If (a,m) = 1 and the congruence x2 ≡ a (mod m) is solvable, it has exactly 2+ solutions, where  is
the number of distinct odd prime divisors of m and  is 0, 1, or 2 according as 4m, 22||m (i.e. 22|m but 23m), or 8|m.
Example 4.15. Take p = 17, m = p − 1 = 16, a = 1. So we are interested in the solutions to x2 ≡ 1 (mod 16). Here,
=0 and =2 so there are 22 =4 solutions, namely 1, 7, 9, 15. Ignoring 1, we see that there are therefore three classes
which are half the size of the others:
(i) The class of inverse pairs. Here x ≡ y15 for each pair, so c = 15.
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(ii) 3 ≡ 117 and 11 ≡ 37 corresponding to c = 7.
(iii) 3 ≡ 149 and 14 ≡ 39 corresponding to c = 9.
Example 4.16. Take p = 19. Here, the congruence x2 ≡ 1 (mod 18) has only two solutions since  = 1 and  = 0.
The solution other than 1 is 17, corresponding to the class of inverse pairs. There are six primitive roots of 19, so there
are
(
6
2
)
= 15 pairs. One class consists of three pairs, and two classes consist of six pairs. The classes are:
(i) {{2, 10}, {3, 13}, {14, 15}},
(ii) {{2, 3}, {2, 14}, {3, 14}, {10, 13}, {10, 15}, {13, 15}}, and
(iii) {{2, 13}, {2, 15}, {3, 10}, {3, 14}, {3, 15}, {10, 14}}.
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